We present variational calculations of the Bethe logarithm for the 1 1 S and 2 1 S states of helium. The approach is based on the explicit second-order perturbation formula and closely follows the method of Schwartz. The final values are ln͓K 0 It is known that the most difficult part in the numerical calculation of the O(␣ 3 ) contribution to the Lamb shift in helium is the Bethe logarithm:
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͑1͒
It is extremely surprising that the early calculation of Schwartz ͓1͔ was the most accurate for over 30 years. The present work has appeared as a byproduct of our study of antiprotonic helium atoms ͓2͔. So, not all the stages of the present work are the most optimal for the calculation. However, the final result is the most accurate to date, and that encourages us to present our calculations to the audience. According to ͓3͔, the two-electron self-energy can be expressed in a form
͑2͒
where 0 2 (0)ϭ͗␦(r 1 )ϩ␦(r 2 )͘ is the expectation value ͑in atomic units͒ of the operator ͓␦(r 1 )ϩ␦(r 2 )͔.
To calculate the Bethe logarithm we use an approach similar to the method of Schwartz ͓1͔. So, we start from the direct perturbation formula ͑derived from the Bethe-Salpeter textbook ͑19.7͒ ͓4͔͒
Here "ϭ" 1 ϩ" 2 is the sum of gradient operators of two electrons and ͓a,b͔ϵabϪba.
Let us denote the integrand by
I͑k ͒ϭϪ͗0͉͓H,"͔͑E 0 ϪHϪk͒ Ϫ1 "͉0͘, then noting that the solution of an equation (E 0 ϪHϪk) 1 ϭ" 0 can be presented in a form ͑asymptotic for k→ϱ)
The asymptotic behavior of w (k) for k→ϱ is ͑see ͓1͔͒
͑3͒
Following Schwartz, we want to introduce as well a function
which relates to I(k) and w (k) as
The first term in the final expression corresponds to the mass renormalization, the second brings the logarithmic term ␣ 3 ln ␣ in Eq. ͑2͒, and w (k) contributes to the Bethe logarithm: ln͓K 0 (n,l)/͑1 Ry͔͒. Variational wave functions describing the 1 1 S and 2 1 S states of a two-electron system are given in a form
Here ␣ i , ␤ i , and ␥ i are complex parameters generated in a quasirandom manner ͓5,6͔: As k goes to infinity, the upper limit of the interval for the parameter ␤ increases proportionally to k 1/2 . There is no need to set the upper limit exactly to this value since the convergence is satisfactory, as can be seen from Tables II  and III. The following numerical scheme was adopted in ͓1͔. The whole integration over k was split onto three intervals. The first interval was for low energies from kϭ0 to kϭ50 and results of a calculation for J(k) were integrated numerically. Then, at intermediate energies from kϭ50 to kϭ1000, the calculated values for w (k) were used. And finally, an integration over the high-energy region was carried out with the help of the asymptotic expansion ͑3͒.
However, the calculation of w (k) requires solving of the equation
which defines the function U singular at r i →0. That is slowing down the convergence of the computed value for w (k) with respect to the number of terms in the variational expansion of U. On the contrary, even for high k the calculated value for J(k) is stable and very accurate, and, in spite of strong cancellations during evaluation of w (k) via Eq. ͑4͒, the value of w (3 000) obtained through J(k) is several digits more accurate than that obtained through direct calculation of w (k) ͑see Table III͒ . For the asymptotic region, the fitting of five to seven unknown parameters C n in expansion ͑3͒ is applied to get more accurate integration over the infinite interval of k→ϱ.
In Table IV It can be used to get an improved theoretical value for the ionization energy of the 2 1 S state of helium. In the previous calculation ͓11͔ of this state the Bethe logarithm value of 4.366 329͑8͒ a.u. ͓10͔ has been used. Comparing these two values we see that a correction to the ionization energy due 
